Abstract: This paper aims to eliminate the hardening artifacts in computed tomography (CT) images caused by the polychromatic X-ray spectrum. To this end, a polynomial fitting correction method using non-liner segmentation method was developed through projection space optimization for single medium (water) and the mixed media (water-bone), and verified through simulation and phantom experiments. Unlike the traditional image space optimization strategies, the proposed method has low computing load and few noises, and only requires a one-off image reconstruction to remove the hardening artifacts. The experimental results
Introduction
When subjected to X-ray irradiation, an object could absorb the radiation and weaken the X-rays passing through it, making X-ray irradiation a possible way to reflect the internal distribution of the object. The initial intensity 0 I and the intensity after passing through the object I of a monochromatic ray obey the Beer-Lambert law [11] 
where μ(x, y) is the linear attenuation coefficient of the material; L is the thickness of the target object.
However, the X-ray tube output of most commercial computed tomography (CT) scanners has a broad energy spectrum, which obeys the distribution S(E) [10] . The typical energy spectrum distribution is shown in Fig. 1 .
Fig. 1 X-ray energy spectrum distribution
In general, X-rays often form a polychromatic spectrum, where the total attenuation is a superposition of various exponentials rather than follow the simple exponential law [2] . The radiation attenuation can be expressed as:
where E is the photon energy.
The polychromatic projection data can be expressed as:
Because of the negative correlation between μ(x, y, E) and E, the projection data q no longer changes linearly with the thickness of L (the result of computer emulation which is the lower curve in Fig. 2 ). In this case, the direct reconstruction of the collected projection data q may lead to cupping artifacts or other artifacts [10] . Ranging from water bag method to filter method [3, 4] , hardware correction cannot efficiently utilize rays or completely eliminate hardening. Similarly, most software correction approaches have certain defects. For instance, the dual energy correction [5, 6] , a complicated method, increases the radiation dose for the patient. Based on Nalcioglu's hypothesis [7] , the singleenergy method becomes too complicated when the material contains many substances. The iterative correction [9, 13] is not widely adopted due to the heavy computing load and slow reconstruction. Nevertheless, polynomial fitting enjoys great popularity thanks to its simplicity, ease of operation and excellent effect. In references [1, 2] , this strategy is employed to construct a polynomial equation with the segmented images of different tissues as independent variables. When the total variation (TV) is the smallest, the coefficient can be solved at the cost of high computing load.
Inspired by the polynomial method, this paper attempts to set up a polynomial equation in the projection space and solve the coefficient by least squares method. Compared with that in reference [2] , the proposed method only needs to reconstruct one image and features simple, fast solution and good correction effect.
Materials and methods

Hardening correction of cupping artifacts
The author put forward a single-energy approximation polynomial fitting method through the following steps.
Construction of an ideal model. The water image was extracted by binarization method and an ideal projection model Q, i.e., the projection space, was constructed through Radon transform.
Construction of a correction model. In the projection space, a correction model was built using the polynomial fitting form. The main idea is to obtain the equivalent monochromatic projection Determination of unknown coefficients. In the projection space, the above correction model was compared with the ideal model. The coefficients were determined when the difference was minimal between the two models.
In this case, the following formula is valid:
Substituting the coefficient n c into Eq. (4), we have the corrected projection. Then, the image without hardening artifacts can be obtained through reconstruction.
Hardening correction for streak artifacts
The proposed polynomial fitting method was applied to treat a case of dual media (water, bone). The main steps are as follows.
Image segmentation. The CT image was segmented by a nonlinear segmentation method [8] .
The weight function distribution is described in Fig. 3 . T T
where z is a pixel CT value.The original image 
Determination of correction coefficients. In the projection space,the above correction model was compared with the ideal model. The coefficients were determined when the difference was minimal between the two models.
Image reconstruction. The corrected projection was obtained by substituting the corrected coeffcient into the Eq. (9), yielding an image without hardening artifacts.
Experiments
The proposed correction method was verified through simulation and phantom experiments. Taking a 200 mm-diameter water cylinder as the object, the simulation experiment adopts parallel beam scanning and linear array detector. A 0.5 mm copper sheet was added to the outlet location of the ray source (ejection port) to reduce the low-energy part of the spectrum, allowing the maximum number of high-energy energy rays to pass through the object. The energy of the incident photon is negatively correlated with the chance of large angle scattering, as scattering photon is naturally forward-looking. In this way, scattering was effectively suppressed in the simulation experiment. The simulation parameters are shown in Table 1 . Targeting 200 mm-diameter water phantoms,the phantom experiment relies on a cone-beam spiral CT scanner (Beijing Arrays Medical Imaging Corporation, China). The measurements were performed at a tube voltage of 120 kV for the clinical CT. The proposed method was applied without any assumptions on spectrum, detector, or geometry. For the clinical CT, a 200 mm-diameter water phantom was used in combination with 30 mm-diameter PVC bone rods (SIMONA,Germany). During the simulation experiment, a thorax model is simulated,and three rods were inserted into the water phantom, respectively.
Results and discussion
Correction effect of cupping artifact
The correction effect was verified with simulated polychromatic projection data by Eqs. (2) and (3). It can be seen from the thorax CT image with hardening artifact (Fig. 4(a) ) that the middle part had a greater grey value than the outer part, forming a dark area in the centre. This means the image has a serious cupping artifact. Solving the two equation,we have the coefficient matrix c: c = (-0.0000, 0.8042, 0.1462, -0.0342, 0.0033).
Substituting the coefficient matrix into Eq. (5), the corrected projection final p and the corrected image (see Fig. 4(b) ) can be obtained. Correction results for streak artifact Fig. 6(a) shows the original image with three 20 mm-diameter bond rods inserted in the 200 mm-diameter water phantom, in which dark streak artifact can be seen between the high attenuation parts, while using the proposed nonlinear segmentation method and the proposed algorithm using Eqs. (7) and (10), the image corrected ( Fig. 6(b) ) can be clearly presented. Table 3 compares the mean CT value and noise in different ROIs on the original and corrected images. In the table, the upper box and the lower box respectively stand for the ROIs in the upper and lower parts.
The proposed method was further evaluated through the phantom experiment on the 200 mmdiameter water phantom inserted with two 30 mm-diameter PVC bone rods. The original image ( Fig. 7(a) ) has obvious streak artifacts. By contrast, the prominent streaks were not seen in the corrected image (Fig. 7(b) ). In addition, the beam hardening correction restored the true CT values. For the water phantom, the mean CT value in the ROIs was corrected from -22 HU to 2 HU. In order to compare the corrective effect of the proposed method based on non-linear segmentation, we also performed the correction method based on linear segmentation. In this phantom experiment, both methods can eliminate the artifacts, and the CT value on the ROI is all corrected from the original -22 to 2, by contrast, the corrected image based on the proposed non-linear segmentation correction method contains smaller noise ( Table 4 ). The corrected curve based on non-linear segmentation is more uniform, as followed in Fig. 8 . This is mainly due to the fact that the attenuation of the bone is greater than the attenuation of the water when the water bone is mixed in equal proportion. This non-linear segmentation method is more in line with the attenuation law,while the general linear segmentation ignores this point.
Corrected images were obtained by different segmentation correction method. As can be seen in Table 4 , the mean CT value and noise of interest were compared with the original and corrected images. Fig. 8 compares the CT value of each pixel in the middle row of both the original image and the corrected image. 
Conclusion
This paper develops a simple and fast method to remove the hardening artifacts in reconstructed images, and validates the method through simulation and phantom experiments. According to the analysis, the non-linear segmentation method proposed in this paper is more reasonable, which is the premise of correct correction. In this paper, the rationality of non-linear segmentation beam hardening correction method is verified by experiments, and the advantages are obvious.
Compared with the method in reference [2] , our method costs a short time and requires a low computing load, because it does not need to transform the projection into the image space. What is more, a one-off image reconstruction is needed in our method, which greatly suppresses the level of noise.
The leading advantage of the proposed method lies in the correction of beam hardening artifacts without prior information of tube spectra, detector efficiency, or even attenuation coefficients. The performance is comparable to or better than that of beam hardening correction in the image space mentioned in references [2, 12] .
Disadvantage of the study is that the proposed method is not tested with images of patients, in the next study, we should validate proposed method with patient data. 
